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1. Introduction 

The application of solutions and melts of macromolecular materials in 
almost all branches of industries requires a very careful investigation of the 
mechanical properties of these materials. 

Within the frame of non-linear theories of constitutive equation, 
whether macroscopic or microscopic, these properties are designated by a 
set of parameters known as material constants. The retarded motion 
approximation for the theory of simple fluids produces, as second approxi- 
mation, the fluid of grade two. These fluids are characterized by three 
parameters; namely the coefficient of viscosity, /~, and the two elastic 
constants cq and e2 which are related to the two normal stress differences 
(822-811), and (S~1-$33). The determination of these material parameters is 
done using proper devices, known as rheometers. 

In general, the rheometer is based on the solution of a specific boundary 
value problem which allows a number of experimental measurements suffi- 
cient to determine a specific set of material parameters. 

One of the earlier trials to solve a specific boundary value problem 
adequate for the characterization of the material constants of a fluid of 
grade three was carried out by Giesekus [1]. He calculated the forces and 
the torques acting on a sphere which undergoes simultaneous rotational and 
transitional creeping motion in a fluid of grade three. The expected mea- 
surements were interrelated to the material constants, however, the practical 
realization of a corresponding device has never been carried out. 

Another successful trial, which led to the construction of the eccentric 
cylinder rheometer [2, 3], was the solution of the boundary value problem 
of a fluid of grade two moving in the annular region between two eccentric 
cylinders. Besides simplicity of the construction, this rheometer allows 
reliable measurements for the elastic constant cq. 
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The present work deals with another boundary value problem which 
promises to create a successful rheometer. The steady state isochoric flow of 
a fluid of grade two moving in the annular region between two eccentric 
spheres is investigated and the velocity field is computed [4]. This set up 
provides good facilities for rheological measurements. In practical design, 
the inner sphere can be rotated while the torques and forces acting on the 
outer stationary sphere can be measured and used to determine the material 
constants. The spherical symmetry is very useful in avoiding the end effects, 
as present in the case of finite cylinders, which require complicated precau- 
tions. 

A large number of theoretical and experimental works has been done on 
the viscous flow between two eccentric spheres. However, to the best of our 
knowledge, the motion of viscoelastic fluids is not considered [5]. Jeffery [6], 
Stimson and Jeffery [7] solved the stationary rotational viscous flow in the 
so called axisymmetrical case, where the rotation takes place about the 
common diameter of the two spheres. These authors employed the bispher- 
ical system of coordinates which appears to be the most appropriate one. 
Noteworthy, is that this system can be used in the case when the two 
spheres are external to each other, as well as the case when the sphere 
encloses the other. Majumdar [8] considered the non-axisymmetrical prob- 
lem of separate spheres in an incompressible viscous fluid when one of the 
spheres rotates slowly about an axis perpendicular to their line of centers 
and the other sphere remains at rest. Due to the complications associated 
with the non-axisymmetry of the problem, the solution is obtained by 
applying special approximation methods. Munson [9] solved the axisymmet- 
rical case for stationary slow viscous flow using spherical polar coordinates 
instead of the bispherical coordinates. The complications which arise due to 
the disappropriateness of the used system of coordinates to the boundary 
conditions required a series of computational approximations. Menguturk 
and Munson [10] constructed a device in order to realize experimentally the 
results obtained in the previous paper. They compared the theoretical values 
of the torques on the outer nonmoving sphere with those measured experi- 
mentally. The results are discussed here in the last section in combination 
with the results of the present work. 

2. Geometry of the boundary value problem 

A viscoelastic fluid of grade two is assumed to perform steady and 
isochoric motion in the annular region between two eccentric spheres of 
radii R1 and Rz (R1 < R2).  The bispherical system of coordinates (e, p, ~b) is 
the most adequate system to solve the present problem. This system is 
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generated from the rectangular system of coordinates (x, y, z) by the confor- 
mal transformation 

z + i~ = ci cot (a + ifi). i = ~ 1, ( la)  
2 ' 

where Q = , , f ~ +  y2 and C = constant. 
Equation ( la)  is equivalent to the real transformation 

x = h sin c~ cos ~b, y = h sin c~ sin q~, z = h sinh fi, ( lb)  

where the scale factors for this system of coordinates are given by 

C C sin c~ 
-= = = h ~ =  

h~ h~ h c o s h f i - c o s : r  c o s h f i - c o s ~ "  

In terms of bispherical coordinates the inner sphere is the surface 
fi---ill, while the outer one is fi = fi2. The inner sphere fil and the outer 
sphere fi2 are centered on the z-axis at z = C coth 131 and z = C coth fi2, 
respectively. The radii R1 and R2 are given by 

C C 
R1 - - -  and Rz 

sinh fil sinh fi2" 

The flow field created in the space between the two spheres is due to the 
rotation of the inner sphere fi~ about the z-axis with angular velocity f2, 
while the outer sphere fi2 remains at rest. 

Symmetry about the z-axis implies that the velocity field _2 is indepen- 
dent of the coordinate qS. Thus, 

_2(~, fi) = U(~, fi)~ + V(~, fi)fi + W(G fi)q~. (2) 

The non-slip at the boundaries fil and fi2 imposes boundary conditions of 
the form 

f i )  = (X, i l l ) ,  

b = = O. 
( 3 )  

3. Dynamics of flow 

The solution of the problem reduces to the determination of the scalar 
components U, V and W such that boundary conditions (3) are satisfied. 
Since the flow is isochoric, the equation of continuity implies that, 

1 
- [~(h ~ sin c~U) + ~?~(h 2 sin ~V)] = 0. (4) V . 2  h3sinc~ 
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Equation (4) is satisfied identically if U and V are derivable from a stream 
function ~ defined by the expressions 

U -  - 1  ~30 and V - 1 ~ 0 ~  
h 2 sin c~ 0fl h 2 sin e 0~' 

or by the compact expression 

- - [q~ ~ 1 (5a) u = u(~,  ~)~ + v(~, ~)~q = v • ~ . 

The velocity field -2 can now be expressed as 

[q~ ~ ]+W(c~,fi)q~, (5b) x_" = g(~, fi) + W(c~, fi)q~ = _/7 x h sin c~ 

Employing the decomposition of the extra stress tensor, 

TE(~, fi) = P(c~, fl) +_t(~, fi)4~ + q~t(e, fl) + S(e, fl)q~q~, (6) 

to the Cauchy-dynamical equation of motion for stationary flow, 

v .  ~E(~,/~) - Vp(~,/~) = o - 2  v , ,  (7) 

leads to the following pair of equations 

_g .(_tf +q~t) =0_u. _g(Wq~) (8a) 

and 

v . P  - Vp = o_u. (_V_u). (8b) 

4. Approximate solutions for the velocity field 

The problem is dealt within the frame of the retarded motion approxi- 
mation [11, 12, 13]. Within this frame, the following simplifications can be 
used: 

(i) The constitutive equation for a fluid of grade two is defined by the 
expression, 

ire = #Am + 0{142 + C~z A2, (9) 

where tz is the coefficient of viscosity, 0{1 and 0{ 2 are two second order 
material coefficients related to the normal stress differences. The tensors 
A1 and 42 are the first two Rivlin-Ericksen tensors defined, for station- 
ary flow, by 

A1 = Vx_" + (_V-2) r, (10a) 

A2 = 2 "  VA1 + _V_2 "41 + (-f7- 2 .  A1) r. (10b) 
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(ii) For f~ small enough, the dynamical functions W, ~ and p can be 
expanded into power series about the value f~ = 0. Therefore, 

. - -1  

w = ~ nkWk + O(nn), 
k = l  

r l -1  

= • f~k0k + O(f)'), ( l l )  
k = l  

n - I  

p = E n'cx~ + o(f~'). 
k = l  

The method of perturbation may be summarized into the following steps: 

(a) Substitution from ( l l )  into (10a) and (10b) and further into (9) gives 
an expression for the extra-stress tensor into powers of fL 

(b) After carrying out the decomposition, the result can be substituted into 
the pair of equations (8a) and (8b). 

(c) Equating the coefficients of equal powers of f~ produces a set of 
successive partial differential equations for the determination of the 
velocity components and the pressure function in successive order. 

In order to preserve the continuity of the physical content, we carry out 
the detailed calculations of the method of approximation in Appendix A. 
Here, we give the final results of these calculations. 

4.1. First order approximation 

The velocity field up to o (~2) is given by the equation (AS) of Appendix 
A, 

_~ = ~wl(~ , /~ )~  + o(n~), (12a) 

where 

W1 = 23/2C(cosh fi - cos ~) i/2 

,= 1 P,~(cos ~). (12b) 

The function P,~ is being the associated Legendre polynomial of order n and 
degree one. 

4.2. Second order approximation 

As shown in Appendix A, equation (A22), the velocity field up to O 
(f23) is given by the expression 

_~ = ~wl(~ , /~)~  + ~2~2 + 0(~3), (13) 
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where W1 is given by equation (12b) and ~2 is determined by the stream 
function 02, 

 14, 
~2 = g X h s i n  a " 

The stream function 02 is the solution of the boundary value problem, 
equations (A19) and (A20), of the form 

sinh fi F 
V4( ~2q5 '] 2 ( a ~ + ~ 2 ) { 0 ~ I _ ~  - 1 \h sin c~] + bth 2 

where 

F=(W1,~)2 +(W13)2 + 2h(1 - cosh/3 cos c 0 
C sin 

2h sinh/3 1 W~. (16) 
-}- C WI Wl'fl -~- sin2-----~ 

The function 02 is subjected to the boundary condition 

~ 2 (  0{, /32) = ~2,fl(  0~, /32) = 0.  (17) 

Due to the complex nature of the boundary value problem defined by 
equations (15) and (17), its solution is deferred to a future work. However, 
it can be concluded that the second order approximation leads to a 
secondary flow field _U 2 (0~, /3) whose components lie in the directions of the 

and/3 coordinates. 

5. Distribution of stresses and total forces and torques acting on the 
outer sphere 

The surface traction at the boundary/3 =/32 is defined by 

= + ( i s )  

This expression describes the stress vector per unit area on the surface of a 
spherical shell/3 =/32- 

The velocity field, as expressed by equation (12a) leads to the following 
expression (00 

f~ 0 (A1) = 0 
F~ F~ 

+ O(ff~2), (19) 
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where 

F~ = h-l(Wl,~ + 

F~ = h-l(Wl,~ + \ 
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k( 1 -- cosh fi cos c 0 
C sin 

h sinh fl "~ 
C W1 ). 

The surface tractions due to this tensor field is given as 

41 fi= ~r~. 
Consequently, the tensor A2, 

42 = 2  " 1741 q- _[7_3~ " 41 q- (1~7".. AI)T, 

can be written in the form 

(A2) = 2~'-~2~ F;Ffl F'~j0 -]- O(~'~3)" 
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(20) 

(21) 

(22) 

,_(~, P) = &;  + &fi  + & &  

where, 

S~ = ~'~2({x 2 -}- 2el)F~ F~ + O(f23), 

S]? = ~'~2((X 2 "q- 2cq)F} 4- O(f~3), 

(26) 

The surface traction due to the tensor field A2 is therefore given by 

A2  f i=  2fa2(F~ Fe~ + F}fi) + O(f~3). (23) 

The tensor 41 is given by 

(A2) = f~2/F~F~ F~ 0 ) + O(f~3). (24) 
0 r 2 + r~ 

The surface traction due to A 2 is, 

al~ d =  2 * ~ �9 f~ (V~ r~e + r~fi) + O(f23). (25) 

The substitution of equations (20), (23) and (25) into equation (18) 
leads to the following formula for the second order stress vector _s(e, fi) at 
any arbitrary surface p = const. Therefore, 
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the a-component,  i.e. S~, 

s__(e, J~2) ~- S ix1  -~ $2x2 "~- $3-~3, 

where, after transforming S~ and S~ to $1, $2 and $3 we obtain 

I 1 & = - ~  cos 05 sinh/3 sin eS~ - sin 05S~ , 
/~=/~2 

(30a) 

I h 1 $2 = - ~  sin 05 sinh fi sin ~Sp - cos 05S~ , (31) 

I h 1 & = - -  (cosh/3 cos c~ - 1)& 
C /~ =/32" 

Substituting from equation (30a) into equation (29); we get three integrals 
for the three components F. 

The X1-component of _/5 is given by 

f?fo F~ (fi2) = d05 de[& (c~,/32)h 2 sin e]z = ~: = 0, (32) 

while the second component  of _F is determined by 

F2(/32) = d05 d~[S2(c~,/32)h 2 sin ~]~=~: = 0. (33) 

The only non-vanishing component  F is F3 component,  

F3(/32) = d4 de[S3(e, Bz)h 2 sin e]~=p2. 

At the surface of  the outer sphere, /3 =/32, 
vanishes, since W1 ]~2 = WI,~ 1~2 = 0. Equation (26) reduces to 

s_(o~, fi2) = [S~fi + S~q~]~=~2, (27) 

where 

S~ 1~: = fF(e2 + 2~1)(h-2W12 ~)[B ~ + O(f~3). (28a) 

& I~: = ~ h  - l ( w l s ) b :  + O(n3) �9 (28b) 

The resultant force up to the second order acting on the external sphere 
/32 has the form 

_F = d05 dc~[!(~,/3)h 2 sin e]~ 2. (29) 

Since experimental measurements may be carried out about the axis of 
rotation and any two arbitrary axes perpendicular to it, the total forces and 
torques are expanded in the X1, Jr2 and X3-directions, where X3 is taken 
along the symmetry axis. Hence, 
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Therefore 

f3 ( f i2 )  = 27c(~2 4- 2~1)f~2 

; 2 l x dc~ ~ - - - ( 1 - c o s h f i c o s c O W , , ~  e:~2 

F3( f i2 )  = 4g (~2  4- 2~1)  C 2 ~ 2  L 2n(n 4- 1) e -(2n+ l)fl, 
n=l sinh(n + 1/2)6 

I 2n + 1 (n 4- 2) cosh fi2 
x sinh-~ + 1/2)6 - 2 si-ffh~ + 3 ~  e~lJ" 

321 

(34) 

Determination of  the resultant torques acting on the outer sphere 

The non-vanishing resultant torque, due to the surface traction compo- 
nent Sr about the axis of symmetry, is given by 

Mz = C de dc~ cosh fl - cos c~ 

Substituting by S~(a, fl2)from equation (28b) in the last equation, the 
resultant torque acting on the outer sphere is given by 

(2n + 1) e -(n+ 1/2)~' 
mz 23/2rcf~l~C 3 

.:Z"l sinh(n + 1/2)6 

f0 sin2  x d~ cosh fi2 - cos ~) 

performing the last integral, we get, 

n(n + 1) e -(n+ 1/2)(~, +/~2) 
Mz 16rcf~#C 3 

6. Discussion 

The present work is devoted to the study of the flow of viscoelastic 
fluids in the annular region between two eccentric spheres. The first order 
velocity field described by equation (12b) is plotted versus y, where 
Y =( i l l - f l ) / ( f i l - f12) ,  in Fig. 1. The second order equation of motion, 
whose solution is deferred to a future work, reveals the existence of a 
secondary flow in the meridian surfaces defined by q~ = const. 

The resultant torque given by equation (35) may be expressed in terms 
of geometrical parameters, which are appropriate for practical purposes. 
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Figure 1 
W* = W1/(2x/2C) versus y where ~ is taken as a parameter. 

These parameters are; namely, X = R 1 / R 2  and the dimensionless eccentricity 
e = e / ( R z - R 1 ) ,  where e is the distance between the two centers of  the 
spheres. The obtained solution is 

M z -  6 22n(X~)2(n-Url(n q- l ) ( l  - - X 3 ) A  3 
M *  (36) M0 ,=IZ" A 2 n + l  __(BX)Zn+I , 

where 

Mo = - 8rcf~# 1 - X 3 

= the torque in the concentric case [16], 

A 2 = (1 - ~2)[(1 -~- X )  2 - -  e2(1 - X ) 2 1 ,  

A = I + X - ~ 2 ( 1 - X ) + A ,  

B = 1 + X +  e2(1 - X )  + A ,  

( 1  - X)A 
sinh F - 

2X 

Figure 2 represents M* versus ~ where X is used as a parameter, while 
Fig. 3 represents a plot between M* and X where e plays the role of  a 
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Figure 2 
The torque M* = M z / M  o plotted versus s where X is taken as a parameter. 
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parameter. These two figures show that M* increases monotonically with 
either e or X. 

Munson [9] solved the present problem for Navier-Stokes fluid. He 
employed the usual spherical polar coordinates for the solution of the 
equation of motion. Since this system is not adequate for the present 
boundary value problem, a series of approximations is used to get the final 
solution. Menguturk and Munson [10] constructed an experimental set up 
to measure the torque on the outer sphere in order to compare it with their 
theoretical formula. This formula, expressed in terms of the same parame- 
ters employed in the present work, has the form 

_ _ 3 X 3 (  1 - -  X ) 2  ~2. 
M* Mz 1 + (37) 

M0 ( 1 - X3)( 1 - X 5) 

Noteworthy is that in the case of Navier-Stokes fluid, the torque about the 
axis of symmetry is the only effect which appears to act on the outer sphere. 
This torque is being the first order term in the case of viscoelastic fluid. The 
theoretical data obtained in the present work, equation (36), in addition to 
the theoretical data due to Munson, equation (37), are presented in Fig. 4 
in comparison with the experimental data due to Menguturk and Munson 
[10]. Our theoretical curves show a better fitting to the experimental data 
than those due to Munson specially at large values of ~. These deviations 
may be attributed to the approximations made to fit the solution in terms 
of spherical polar coordinates to the boundary value problem. To have 
better insight in this context, we give an approximate form for equation (36) 
for small eccentricity, 

__ __ 3 X 3 (  1 - X 3) e2. 
M* Mz 1-~ (37) 

M0 ( 1 + X) 2( 1 - X 5) 

Equations (37) and (38) are basically different, however, both equations re- 
duce to M* = 1 when e = 0; i.e., both equations reduce to the concentric case. 

As an effect of second order, a resultant force in the direction of the axis 
of symmetry appears which tries to push the outer sphere from the eccentric 
to the concentric position. This force is proportional to the material 
parameter (~2 + 2~1) or to the second normal stress difference coefficient. 
Figure 5 represents the normalized form of Fz given by 

F3 
F* - 4 T C ~ 2 ( ~ 2  § 2el)R12 

22nn(n + 1)(Xe) 2n- 1A2 

~= ~ A 2n + ~ sinh(n + 1/2)6 

1- 2n + 1 2(n + 2)X[X + 1 + e2(1 - x)]-] 
x [_sinh(n + 1/2)6 A sinh(n + 3/2)6 J' 

(39) 
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Figure 4 
The torque M* plotted versus s in comparison with Ref. 9 where X is taken as a parameter. Dashed line 
and symbols represent theoretical and experimental data from Ref. 9. 
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The force F }  plotted versus ~ where X is taken as a parameter. 
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Figu re  6 
T h e  force  F *  p lo t t ed  versus  X where  s is t a k e n  as a p a r a m e t e r .  

as a function of  e while J( is taken as a parameter. On the other hand, F* 
is plotted versus X in Fig. 6, where e is used as a parameter. The curves 
reveal that F* increases monotonically with either e or X. In the limit e -- 0; 
i.e. the concentric case, Fz* tends to zero. 

The results of  the present work suggests the possibility of constructing 
a rheometer  which is able to determine both the second normal stress 
difference and the viscosity coefficients in the same set up. 

7. Estimation of the error due to the shaft* 

In the absence of  the shaft, the slow rotation of  the inner sphere about 
the z-axis is supposed to create a laminar velocity field whose magnitude 
close to the surface of  the sphere is roughly 

% = f2r sin 0. 

This velocity component  is the azimuthal velocity in the q~-direction. The 
shear stress due to this component,  at the surface can be estimated as 

8v+[ = #f~ sin O. 

* Th i s  e s t ima t i on  is ca r r i ed  ou t  d u e  to  a sugges t ion  o f  the  reviewer .  
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The power required to overcome this stress in order to rotate the sphere is 
approximately 

P = dO dO[zvr 2 sin 0 

i?; = dO dO(pf2 sin O)(~RI sin O)R 2 sin 0 

8 
3 ~p~2R~" 

This power is responsible for the torque acting on the outer sphere. 
In the presence of the shaft, an additional velocity field is created due to 

its rotation. The tangential velocity component  of this field in the neighbor- 
hood of its surface is 

re) = f~Rs, 

Is 
1 

z-axis/~ 

where Rs is the radius of the shaft. Similarly, the stress created by this field 
requires an amount  of power to rotate the shaft. This power is of magnitude 

= I2~ddp i zs dO[?~]r=RsR~ sin 0 = 2zclz~2R2Is . F 
dO Jo 

The error caused by the shaft can be estimated as the ratio 

F 3R2Is 
P -  4R~ 

Thus, using a shaft of much smaller radius than R1, and letting the 
narrower space between the two spheres be at the side of the shaft, may 
reduce this error. For example, let the radius of the inner sphere be 
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R~ = 2 cm and the radius of the outer sphere be R 2  = 2.5 cm; then ls  = 
R 2  - -  R1 = 0.5 cm. If the radius of the shaft is 0.16 cm, then 

/~ 3(0.16)2(0.5) 
- <  < 1 . 2 x  10 -3. 
p - 4(2)3 

Appendix A 

A.1. First order approximation 

The extra-stress up to the order O(~ 2) is given by, 

rE = + (v,,)T + _v(w& + q + 

which by comparison with the decomposition equation (6) implies that, 

t = f2~t[F~8 + F~fi] + O(f22), (A1) 

and 

P = Op[_g_ul + (_Vul) r] + O(f~2). (A2) 

Substitution from equation (11) and equation (A1) into equation (Sa) and 
equating equal powers of ~ leads to 

V2(W~ q~) = 0. (A3) 

The boundary conditions, equation (3), imposed on x_" require that W1 is 
subject to the conditions, 

W~(~,//1) = h~(~, f l~) ,  W~(~,/32) = 0, (A4) 

hence W1 is completely determined by the boundary value problem defined 
by equations (A3) and (A4). 

Substituting again from equation (1 1) and equation (A2) into equation 
(8b) and equating equal powers of f2, we obtain 

#VZ_ul - 127~1 = 0. 

By substitution from equaton (5a), ul = _/7 x [@~Pl/h sin ~)], and applying 
the curl operator to the resultant equation, it reduces to 

v4( \h  sin ~ / =  0. (A5) 

The boundary conditions imposed on ~bl due to equation (3) may be stated 
a s  

ff/lb=131,/~2 = a n d  O~,~J~=~,~=0. (A6) 
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It can be easily shown that the only solution for the boundary value 
problem defined by equations (A5) and (A6) is the trivial solution ff~ = 0. 
Up to the first order, the velocity field reduces to, 

x_" = f~W~(~, fi)q~ + O(fF), (A7) 

where W1 is defined by the boundary value problem (A3) and (A4). 
Equation (A3) has the explicit form 

h(cosh fl cos ~ - 1) 
Wl'2u~ Av Wl'fifl Av C sin or WI,~ 

h sinh/3 1 
C W1,/~ - sin2 ~ W1 = 0. 

Employing the R-separation method [14, 15] to get a solution of the last 
equation which satisfies the boundary condition (A4), we obtain 

W1 = 23/2C(cosh fl - cos ~)'/2 

F sinh(n + 1/2)(fi-  fi2) ~-1, 
• L ; 1/577 (AS) 

A.2. Second-order approximation 

Second-order calculations require the determination of _V.TE up to 
o(f~3), 

[7. TE = [1217 .411 _~ [O{1 [7 . 4  2 _~ ~2_V. 42]. (A9)  

To determine this expression, we have to calculate _V.A2 and _V-A 2. 
During our calculations, we have to notice that from equations (10a) and 
(A3) up to the O(f~:)V-AI =0.  

Consequently, 

1 V[AI:A~]. (A10) _I7.42 = A~:EV2 + 2VVk:A1 = 2V2:VVYc + ~ 

Similarly, 

1 _v[41:4 ]. (All) v 4~ = 2vs~:vvs~ +~ 

The substitution of equations (A10) and (Al l )  into equation (A9) gives 

, ] +~ (c~ + 2~)g(41:4, ) + o(n~). (a12) 
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Substituting from equation (11) and (A12) into the Cauchy dynamical 
equation (7) and equating equal powers of ~2, we obtain 

/.,/[V2(W2~) ~t_ V2u2] _.~ 2(cq + c~2)V.ic:VV.i 

Now, we have to compute the expression 
terms of bispherical coordinates. 

Hence, 

(A13) 

V2:VV2 for _2 = ~fiW~(a, fl) in 

(A14) 

where 

C1 h -1 ~/g h-1 = 1,o:, G = Wl,fl, 

1 - cosh # cos c~ sinh # 
C3 = W 1 and C 4 - - - W  1. 

C sin a C 

Consequently, 

V V2 = h -  1 (~(~ .31_ #Off "3V sin c~ + #Vq  + +  7c41. (A15) 

The conjunction of (A13) and (A14) gives, 

V2:VVJc = h-'~o~F h(1 - c o s h  fi cos c~)(C 2 + C~ + C~C3) 
( L  C sin 

h sinh fl h sin - t - T  ( C 2 C 3 -  C3C4) ~ - T  C2--] - C3 C3,c~ + C4C3,#] 

fi/hF sinh fl (C 2 + C2 + C2 C4 + 
+ L C 

C 2 ) 

+ h( 1 - cosh # cos ~) C1 C4 
C sin 

h s in~c  C3C4+ C3C4~--~-, C4C4,fll}. (A16) 

Substituting by C1, C2, C 3 and C4 into equation (A16) we obtain 

V2 - gV2 = h-2f(0r fl) 1 - cosh # cos ~) ~ + 
C sin c~ 

(A17) 
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where F(a,/3) is given by the expression, 

F(G/3), = W 2 2 h( 1 - cosh/3 cos 00 W1 Wl~ 
1,~ + Wt,p + 2 C sin ~ ' 

+ 2 h sin/3 1 
C W1Wl,~+sin2 ~ W  2. 

The expression (A16) is entirely in aft-surface, so that equation (A12) 
decomposes into, 

V2[j/V2(0{,/3)~1 --~ 0, (A18) 

and 

~ + ~ 2  1 c o s h f l c o s ~ +  
/2 V2U2 ~- 2 if/ F(a,/3) C sin a 

- - V ( ~  (2(~1 q - ~ 2 ) A 1 : 4 1 -  f 2 )  ~--- 0. (A19) 

The boundary conditions imposed on W2 are, W2(a,/31) = WR(a, f12)=0, 
such that the only solution of (A17) which satisfies these conditions is the 
identity W2 = 0. Thus, the second order approximation reduces to the 
solution of equation (A18) under the relevant conditions imposed at the 
boundaries. Applying the curl operator to equation (A18) and substituting 
~2 = V x (q~(O2/h sin ~)), we obtain, 

02 + 2 c~1 + c~2 c~= F(c~, fi) 
V4 (fi h sin c~ /2h 2 L h C 

_  i -cosh  :~  
The boundary conditions imposed on (A19) are, 

0 2 (  0{, i l l )  = I//2(0~, /32) = [//2,fl( ~, /31) = ~//2,13( 0{, /32) = O, 

Therefore the velocity field 2 up to O(f~ 3) is given by 

= n +  2u2 + o(n3) .  

(A21) 

(A22) 
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Abstract 

The isothermal, stationary and isochoric flow of a fluid of grade two between a pair of rotating 
eccentric spheres is investigated. The equations of motion of first and second order are formulated and 
solved for the first order only. However, the equation of second order indicates the presence of 
secondary flow. The stress distributions are computed and used to determine the resultant forces and 
torques acting on the stationary outer sphere. An important result for rheometry is that the resultant 
torques can be used to determine the coefficient of viscosity, while the resultant force in the direction of 
the axis of symmetry may be employed to determine the second normal stress difference. 
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